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Q ■ Abstract: We study the irreducible decomposition under Sp{2n^ M) of the space of tor- 

sion tensors of almost symplectic connections. Then a description of all symplectic quadratic 
invariants of torsion-like tensors is given. When applied to a manifold M with an almost 
symplectic structure, these instruments give preliminary insight for finding a preferred lin- 
(-? \ ear almost symplectic connection on M. We rediscover Ph. Tondeur's Theorem on almost 

c^ \ symplectic connections. Properties of torsion of the vectorial kind are deduced. 
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1 Torsion tensors and symplectic quadratic invariants 



H ! 1.1 Introduction 

c^ , 

In [3] a variational principle was discovered over the space of symplectic connections of a 
given symplectic manifold. It enables us to select a preferred type of connection amongst 
those important instruments of symplectic geometry. The Euler-Lagrange equations, or field 
equations, were deduced in the same article and properties of the preferred connections were 
studied subsequently by others 
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Already in [19] we find the decomposition into irreducible parts of the curvature tensor of 
symplectic connections, which satisfies the Bianchi identity due to the torsion-free condition. 
There are two types of symplectic curvature tensors, which were given the names of Ricci 
and Weyl. The preferred or so-called Ricci-type connections correspond to the vanishing of 
the Weyl part of the curvature. 

It was proved, cf. [6|l8p0] . that the Ricci type connections solve the integrability equations 
of the respective twistor space of the symplectic manifold, i.e. the bundle of linear tangent 
complex structures endowed with a canonical complex structure induced by the symplectic 
connection. Further insight into twistor theory was given in [2], sustaining the idea that 
more interactions with Hamiltonian mechanics and complex geometry should be pursued. 
Hence our present and hopefully future interest in the subject. 

In this article we wish to explore the almost symplectic case, i.e. we consider a smooth 
manifold M endowed with a non-degenerate 2-form u and a linear connection V such that 
Voj = 0. Recall the vanishing of the torsion yields u closed. Since the Lie algebra sp{2n, M) 
identifies with 5*^(1^^"), the space of almost symplectic connections is in 1-1 correspondence 
with the space of sections of 2-symmetric tensors with values on T*M. 

We prove a few original results following our study of almost symplectic structures. We 
rediscover one remarkable result of Ph. Tondeur, Theorem 12. 11 which seems to have been left 
aside through time. Our main focus is on the torsion tensor, its Sp{2n, M)-irreducible com- 
ponents and the study of its scalar invariants. We deduce there is essentially one quadratic 
invariant. 

The subject of almost symplectic structures appeared in foundational works such as 
those of the mathematicians H.-C Lee, P. Libermann, A. Lichnerowicz and Ph. Tondeur. 
Many new developments have emerged on symplectic Yang-Mills theories, symplectic Dirac 
operators and the geometry of Fedosov manifolds. We refer the interested reader to recent 



1.2 Representation of tensors under Sp{2n,'R) 

Let (y, u) be a real symplectic vector space of dimension m = 2n and let G be the symplectic 
group Sp{2n,M.). Let S''V and A''V denote respectively the space of symmetric and skew- 
symmetric multivectors. Notice S^V = A'^V = M and S^V = A^V = V. 

We wish to study here the decomposition into irreducibles under the group G of the 
space V ^ A'^V, which, as is well known, agrees with the fibre of the vector bundle of torsion 
tensors of a linear connection over an ?7i-dimensional manifold. 

We start by recalling an exact sequence, due to Koszul: 

0^ S^V ^ S^-W CSV ^ ... 5'"^V ® A^-V ^-^' S'-'^^V ® A^\/ . . . ^ AV ^ (1.1) 
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where Ap^g : SW ® A"" V -^ S^-^V ® A'l^ is given by 

p 

Ap,q{Ui ■ ■ ■ Up ® Vi A ■ ■ ■ A Vq~l) = /^ Ui ■ ■ ■ Ui ■ ■ ■ Up ® Vi A ■ ■ ■ A Vg^i A Ui (1.2) 



i=l 



and Ao^q = 0. It is trivial to see Ap^i^q+iAp^g = 0. To see that the kernel of Ap_i^g+i is in the 
image of Ap^q we recall a dual exact sequence of maps Bpq : S'^'^V ® A'^V — )■ S'^'V CS A''~^V 
defined by 

<i 

Bp^q{Ui ■ ■ ■ Up_i ® f 1 A ■ ■ ■ A Vq) = y^{ — iyViUi ■ ■ ■ Up_i ^ Vi A ■ • ■ A Vi A ■ ■ ■ A Vq 

j=l 

and BpQ = 0. We have ^p+i,g o Bp^iq — i?p,g+i o Ap^g+i = (— l)'^(p + g)Id on 5'^ ® A'^' (so we 
conclude i? is a right inverse on the kernel of A and reciprocally), thus proving exactness 
of (II -ip . Recall that any isomorphism g G GL{V) acts by g ■ {ui ■ ■ -Up ^ Vi A ■ ■ ■ A Vq) = 
gui ■ ■ ■ gUp (g) gvi A ■ • ■ A gVg, inducing natural representation spaces 5*^^ ® A'^V. Then clearly 
the maps A and B above are GL(l^)-homomorphisms or equivariant. 
Now we concentrate on the short exact sequence 

o^^V A^V®v^ A\/®aV AaV^o (1.3) 

where Ai = A^^i^i, just to notice that we must study A2 carefully. From now on we consider 
just the symplectic group and so the first thing to notice is that the isomorphism V = 
V*, V ^-^ V* = u}{v, ) is a G-morphism. Let us define also a map (f by 

(1.4) 

(p{UiU2 ® f ) = w(Mi, v)u2 + 0U{U2, v)ui. 

It is clearly well defined and a G-epimorphism. Then Ai{S^V) C kery^ because 

ip{Ai{uiU2U3)) = (^ Uj{Ui, Ui+2)Ui+i + Uj{Ui+2, Ui)Ui+i = 0. 

There is a right inverse for ip defined through each symplectic basis ei, . . . , e„, e„+i, . . . , e2n 
(we assume u{ei,ej) = 0, u{ei,ej^n) = ^ij, ^{€.i^n,^j+n) = for i,j = 1, . . . ,n). Let us fix 
one of these bases and let ^ be given by 

1 " 
^(^) = 7^ — — r V! ejW (g) Ci+n - ei+„z; (g) Ci. (1.5) 

1=1 

Proposition 1.1. The map ^ : V ^ S'^V ^ V is a G-monomorphism, does not depend on 
the basis and satisfies c/?^ = Id. 
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Proof. We notice that ^{v) = ^^^B2,2{v^<^), so the first property follows. Let g ^ G. Since 
gu = u = Ci A Cij^n (we use Einstein's convention on sums from 1 to ra here and from now 
on), ^ is G-equivariant and does not depend on the basis. Finally, let v = ViCi + Vi+nGi+n- 
Then 

(2n + l)ip{^{v)) = uj{ei, €,+„> + u{v, ei+„)ei - w(ei+„, ei)v - u{v, ei)ei+n 
= 2nv + ViCi + fj+nCi+n = (2n + l)v 

as required. ■ 

Let vr = —^B-^^i : S'^V ® V^ — j- 5''^^ be the left inverse of Ai. Hence vr is defined by 
7r{uiU2 ® v) = ^uiU2V. One immediately checks that ttAi = Id and 7i{C,{v)) = 0. Now let rj 
be the G-endomorphism of 5*^^ ® V defined by 77 = Id — Aitt — ^ip, hence given by 



1.6) 



r]{uiU2®v) = UiU2®V - Ai{'k{uiU2®v)) - S,{^{uiU2®v)) 

= \U1U2 ®V- \U2V ® Ml - \uiV ® M2 - i{^{UiU2 ® v)). 

Theorem 1.1. We have that Imr/ = ker yj fl kervr = A! and 

S'^V®V = S^V®A!®V (L7) 

is the decomposition into G -irreducible subspaces. The dimension of A' is |(n^ — n). 

Proof. Since V C kervr via ^, we find that vr?] = vr — txAiTI = 0. Furthermore, we proved 
ImAi C kevif. Hence iprj = if — ip^ip = 0. Moreover rj is the identity in A'. It is well 
known that all powers S'^V are G- irreducible. Now for the irreducibility of A' we appeal to 
a result of J. Rawnsley, Notes on W = (unpublished). The methods are also explained 
in [3], as the reader may see, relying on a classical Theorem for the decomposition of tensor 
products of irreducible representations such as S'^V and V. The highest weights are known 
for each factor, the Theorem says the highest weights correspond to irreducibles and gives 
an immediate algorithm on how to get them for the tensor product. 

Recall that for any m-dimensional vector space V, we have dimS'^^l^ = (™^;i," )• There- 
fore 



dim^' 



m{m+l)m (m + 2)(m + l)m m — Am 



2 6 

and the formula for m = 2n follows. 



m 



There is another natural endomorphism of S'^V ® V which is important to be aware of. 
It is defined by x(^i^2 ® v) = vu2 ®ui + vui ® U2- One easily checks that X^ — X^ 2Id = 
and that kervr and S^V are respectively the —1 and 2 eigenspaces of x- 
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1.3 Torsion tensors 

Now we continue with the study of the torsion-hke tensors. Consider the map C : V^A'^V — )■ 
V given by C{v ^ u Aw) = u{u, w)v + uj{v, u)w — uj{v, w)u — which is clearly well defined. 

Theorem 1.2. The space of torsion-like tensors has the decomposition into G-irreducihle 
suhspaces 

K^V®V ^M®V®r'®V (1.8) 

where V = ker C n A^V . Then V satisfies T ®V = A^V . 

Proof. The decomposition follows from sequence ( 11. 3p and the previous Theorem. We must 
check A2{S'^V ®V) = A2{A! ®V) = kerAs is contained in kerC. This is true since 

C{v®w/\u + u®w/\v) = 

ijj{w,u)v + ijj{v,w)u + uj{u,v)w + ijj{w,v)u + ijj{v,u)w + u{u,w)v = 0. 

Each V E V appears on the right hand side, i.e. inside A^V, a.sv<^u = v®eiA Ci+n because 
then As{v) = u Av. Therefore 

C{v) = C{v ® w) = u{ei, ei+n)v + uj{v, ei)ei+n - Cli{v, ei+n)ei = {n - l)v 

and so an element / G A^V verifies C'^f = {n—l)Cf. Moreover, it decomposes as f—:;^Cf+ 
:^^C f according to T' ® V . The irreducibility of T', the primitive 3-forms, is well known 
and part of the Hodge-Lepage sequence. Its dimension is (^^) — 2n = |n(2n^ — 3n — 2). ■ 

A torsion-like tensor in any of the invariant subspaces V is said to be of vectorial type. 
We shall see their natural formulation in section 12.31 

The above result is very close to the orthogonal group decomposition of metric torsion 
tensors found by E. Cartan, as one may see in [1], due to the fact that U{n) = G H 0{2n). 
Further obstacles in other geometrically relevant representation spaces are to be found also 
in [121 [16]. According to [IHlEl], an approach to the irreducibility of A,T' relies on the 
quadratic invariants which we study below. 

1.3.1 Curvature tensors 

The curvature-type tensors we shall use later live in the space 3fJ*^ = S'^V ® A^V . To study 
them we have the exact sequence 

^ 5V A 5V ® v^ A sV ® aV A K ® aV a aV ^ (1.9) 
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where Ai = A^^i^i. Curvature tensors may or may not satisfy the Bianchi identity. This 
corresponds exactly with the kernel of ^3; indeed it is easy to see that the Bianchi map is 
Idv ® A3 with ^3 of ( Ol) composed with the inclusion 5"^^ (g) A'^V --^ V ®V <S) A'^V, and 
this composition is the map A3 of fll.9p . 

We know from [19] that ker ^3 = S^W, irreducibly. The contraction of V with 5*^^ using 
u yields one S'^V, which corresponds to the so-called Ricci-type curvatures (of Ricci-type 
connections, for which a formula is found eg. in [3]). 

1.4 Symplectic quadratic invariants 

Let us continue with the symplectic vector space (V, u) of dimension m = 2n. Associated to 
the space of /c-tensors Q G ®^V we have polynomial symplectic invariants in the components 
of Q. We refer to the theory explained in [12]. By [2T] it is known that every polynomial 
invariant is algebraically generated by so called /i-products of symplectic traces, i.e. degree 
h homogeneous polynomials 

2n 

r{Q)= Y. ^(®'Qk,.....y^'^---^^"-^'", (1-10) 

il,...,i2t=l 

where kh = 2t and a G 821 is some fixed permutation acting on the indices of ^^Q. As usual, 
u^^ denotes the inverse matrix of u{ei,ej) given from some chosen basis ei,i = 1, . . . , 2n. 
Indeed, since ior g E G the induced transformations are e^ = gai^i and Uais = gaidisj^ij, 
implying w"'^ = (?* "'g^ ^w* ^ , the G-invariance holds. 

Now we concentrate on a 3-tensor Q and the quadratic invariants. Note that for odd 
tensors we can only consider even degree /i-products of symplectic traces. The symbol "..." 
will always denote QijkQpqi- We also use the Einstein summation convention throughout. 

Theorem 1.3. i) If Q is symmetric in any two indices, then every quadratic symplectic 

invariant on Q zs 0. 

a) If n > 1, the quadratic symplectic traces are classified by the following list: 



ri(Q) = ... w^V^w"' r2(Q) = ... w'^w'^^'w"' 

r3(Q) = ... w^Vw*'^ r4(Q) = ... u'^u^^u'^P 



'l.li: 



which are linearly independent symplectic invariants. 

Hi) If n = 1, then in U.ll\) we have ri = r2 = —r^ = r4 7^ 0. // moreover Q is skew- 
symmetric in any two indices, then every quadratic symplectic invariant is 0. 
iv) Up to scalar factor there is a unique non-vanishing quadratic symplectic trace: 

r{Q) = QijkQp,ii^''i^''''oo'^'- (1.12) 
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on the space of tensors Q such that Qijk = —Qjik ■ 
v) If Qijk is totally skew-symmetric, then r{Q) = 0. 

Proof. As we observed previously, our study is restricted to quadratic symplectic traces. Let 
Qijk denote any 3-tensor. It is easy to understand that is enough to analyse the following 
traces (note the ri, r2, r^, r^ below are not those in the Theorem). With i,j, k in a. first fixed 
position: 

riQ = ... u'^J^uo^^ rsQ = ... w^^w^Pw^' r^Q = ... u^'^u^^u^'^ 

and then in a second fixed position: 



nQ = . 


..JPj^u'"' 


r,Q = . 


__^i<l^JP^kl 


rsQ = . 


..wV^w'^" 


r,Q = . 


..J^UJ^^OJ^^ 


rjQ = . 


..u^'^u^^u'^P 


r,Q = . 


..wV^w'^p 



(applying a on the, of course, equivalent to (ll.lOp with the different permutations). Now in 
cases a = 1, 4, 5, 6, 9, the invariant r^Q is because of the labelling permutation i ^ p, j ^ 
q, k ■^ I. For instance, in case 1 we find 

riQ = Qp^iQ^jkio^'oo'^'co'' = -riQ = 

and in case 4 the permutation yields 

nQ = QpglQijk u^'u^'^u^^ = -TiQ = 0. 

Cases 5, 6 and 9 are analogous. By the same permutation, rg = ...u'^^u'^-'^u^^ = —r-j and, 
finally, rg = ... cuP'^uj'^^uj^^ = — rg = 0. 

Notice we have other cases to consider, formally analogous to the above r^, a = 1, 2, 3: 

ryQ = ... J^u^^'uj'P^ r2'Q = ... u'^u'^Pu"^ ryQ = ... J^u^^uP" 

r2"Q = ...u^'^u'Pu'i^ 

and the reader may further see a ri" = — r2 and a r-y = — r2'. Apart from r!^, all these 
are only formally new, since we have ry = ...ujP'^uj^^uj'^^ = —r^, clearly r^i = and r2" = 
...uj'i^ujP'uj^'' = -r2" =0. 

For the case of r2 with Qpqi symmetric in ql or in pi, then clearly we get r2Q = 
... u^^u^Pu'^'' = 0. If it is symmetric in pq, then r2Q becomes 

QjikQpgioo'^uj'Puj'^' = Q^M.^^^''^""^''' = 0- 
In case of r^, with Qpgi symmetric in ql, then we have 

r^Q = ...u'^u^'^u'^P = QpqiQijkOJ^^uj^^i^^' = ...uP'^u'^^u^' = 0. 
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The same is true for symmetries in pq or pi, as straightforward computations would show. 
Since r^ and rg are similar to r2 we have proved i). 

Finally we must prove linear independence in general of r2,r2',r3,r7, which agree with 
the ri, r2, r^, r^ in fll.lip . This is a simple task running through four examples, easy to find, 
which make all invariants vanish except one. For instance, if we take Q = Ins + I324, then 
f2 = I5 f2' =0, r3 = 0, r-i = using a symplectic basis — for which the first four vectors 
satisfy w^'^ = w^'"^ = w^'^ = cu^'"^ = 0, w^'^ = o;^'"^ = 1. With r2' we take Q = Ins + I324, with 
rs we take Q = I113 + I243 and with r^ we take Q = I122 + 1434- 

Notice the case n = 1 is different. We use a symplectic basis, such that u^^ = —u^^ = 1. 
Then we compute: 

f2Q = Q112Q212 — Q112Q221 — Q122Q112 + Q122Q121 

— <5211<5212 + <5211<5221 + Q221Q112 — Q221Q12I 

r2'Q = <5l2lQ212 — Q122Q112 + <5l22Ql21 " Q121Q22I 

~Q21lQ212 + <5212<5ll2 — Q212Q12I + <5211<5221 = '"2Q 

'"sQ = Q112Q122 — <5l22Ql21 — <5ll2Q212 + Q122Q2II 

■~Q21lQl22 + Q221Q12I + Q2I1Q212 ~ Q221Q2II = —1'2Q 

TjQ = <5lll(5222 ~ Q112Q122 — Q121Q22I — Q2I1Q212 

+Q221Q211 + Q212Q112 + Q122Q121 — Q222Q111 = r2Q 

and this is non zero as the example Q = I112 + I122 shows. This proves ii) and in). 
To prove iv) suppose Q is such that Qijk = —Qjik- Then it is easy to see 

r2Q = Qj^kQ,pi^'''uj''^uj^' = QpglQ^JkioP'oo'^'io''' = -r2Q = 

and in the same way r2' = r^ and ry = rg = 0. We should also verify that r2> does not vanish: 
let Q be given by 

r 1 (z, J, A;) = (1,3, 2) or (4, 3,1) 

Q^Jk=l -1 (2, J, A;) = (3, 1,2) or (3, 4,1) , 
I elsewhere 

which in the previous notation would be Q = I132 — I312 + I431 — 1341- Then Q is skew in ij 
and r2'Q = 2Qi32Qpgiuj^'^uj^''uj''^ = 2. 

Finally, to prove v) we see that the hypotheses on Q implies r2'Q = riQ = 0. ■ 

We may state, directly from case iv) above, the following. 

Corollary 1.1. If Qijk = Q^jUhk is skew-symmetric in ij , then the space of quadratic sym- 
plectic invariants is generated by Q^-Q'^^u^^. 

Proof Indeed, r{Q) = Q^Ql^Uf.k^oiUJ'^uj^^uj''' = Q%Q%u'K ■ 
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2 Almost symplectic connections 

2.1 The Theorem of Tondeur 

It is well known that a manifold M admits a non-degenerate 2-form cj G f2^ if and only if 
M is almost complex. So we will be considering the category of almost complex manifolds, 
but from the perspective of symplectic geometry. We only assume M has a preferred non- 
degenerate 2-form u. 

In the theory of linear connections one may consider almost symplectic connections V : 
9P{TM) -^ n^{TM), i.e. such that Vw = 0. If the torsion 

T^{X,Y) = VxY -VyX -[X,Y] (2.1) 

is 0, VX, y G Xm = fi'^(TM), then the connection is called symplectic. 

Proposition 2.1 (cf. [3l[T9]). Let M admit a non- degenerate 2-form, uj. 

i) There exists an almost symplectic connection V on M. 

a) The space of all almost symplectic connections with fixed torsion is Q^{S^T*M). 

Proof. Let V be any connection on M. Let V = V + A, with A G Q^{EndTM) given by 
u{AxY,Z) = lVxoo{Y,Z). Then 

Vxoo{Y, Z) = Vx^{Y, Z) - uj{AxY, Z) - uj{Y, AxZ) = 

as required. If V— V = A is the difference between two connections such that V'w = Vw = 0, 
then we may say A belongs to n°{S^T*M®T*M) = n\S^T*M). If moreover AxY = AyX, 
the condition for equal torsion, then we have that A is a completely symmetric 3-tensor. ■ 

It is quite frequently stated that a symplectic manifold admits a symplectic connection. 
We were pleased to be able to generalise this result to make it into an equivalence statement, 
but it turned out the result was already known, due to Philippe Tondeur, cf. [9l[T7]. We 
present it here with a simple original proof. 

Theorem 2.1 (Ph. Tondeur). There exists an almost symplectic connection V on M such 
that, VX, Y eXM, 

u{T^{X, Y),Z) = ^du{X, Y, Z). (2.2) 

A symplectic connection exists on M if and only if du = 0. 

Proof. On any manifold we always have a torsion free linear connection V'^. Suppose V = 
V° + A is an almost symplectic connection, given by the above Proposition, and let a 1-form 
B G fii (End TM) be defined by 

uj{BxY, Z) = aiuiAyX, Z) + uj{AzX, Y)] + 6[a;(AyZ, X) + u{AzY, X)] (2.3) 
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with a, b to be determined. Since (12. 3p is symmetric in Y, Z, the resulting connection V^ = 

V + 5 is almost symplectic. Since T^' (X, Y) = T^° (X, Y) + AxY - AyX + BxY - ByX, 
we find 

uj{T^\X,Y),Z) = {l-a)uj{AxY -AYX,Z) + {a-b)uj{AzX,Y) 

-buj{AxZ, Y) + {a- b)uj{-AzY, X) + buiAyZ, X). 

Choosing a, b such that a — b = b and 1 — a = b, that is, a = 2/3 and b = 1/3, yields 
u{T''\X, Y),Z) = ^ {coiT^iX, Y),Z)+ co{T^{Y, Z),X) + a;(T^(Z, X), Y)) 

which is equal to |da;(X, Y, Z), due to the well known formula 

duj{X,Y,Z)= ^ {VxUj{Y,Z) + uj{T^{X,Y),Z)). 

X,Y,Z 

The last formula shows, reciprocally, that any V symplectic implies u closed, which 
completes our proof. ■ 

Suppose we are in the Hermitian setting [M, J,g,uj), with g the metric, u = J_ig and 
J compatible. Then we have an almost symplectic connection: the canonical Hermitian 
connection Vx = Dx — \J{DxJ) induced from the Levi-Civita connection D of M. Indeed 

V is a u(?i)-connection. Then the equation given by Tondeur's Theorem T^ = |dcj is verified 
by the nearly Kahler structures, i.e. those J satisfying 

g{{DxJ)X,Y) = 0, VX,r. (2.4) 

Notice by Gray-Hervella's classification of almost Hermitian geometries through the triple 
J,uj, D, the nearly Kahler condition is equivalently given as Du = |dcj. 

2.2 Symplectic invariants of torsion tensors 

Let M be an almost symplectic 2n-manifold, distinguished by a non-degenerate 2-form. Let 

V be any almost symplectic connection and T^ denote its torsion. Let ei, . . . , e2n denote any 
local frame on M , let Uij = uj{ei, Cj) and u^'^ denote the inverse: utjU^'^ = 6f. Furthermore, 
let 

Tijk = uj{T^{ei, Cj), Cfc) = TJ'jUJhk- (2.5) 

By Theorem II. 3 [ in particular by (I1.12p . we may define the invariant 

t^ = T,^kTp,iUj''uj'''uj'^K (2.6) 

Of course, the summation indices i,j, k,p, q, I vary from 1 to 2n. 
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Remark. By Corollary O we also have t^ = Tf^Tl^uj'K And t^ = -pfjCo'\ where 
p^(X, y) = Tr T^(T^(X, y), ■), which is a 2-form on M. This is a straightforward compu- 
tation. Other possible traces will only give the trivial invariant. 

Theorem 2.2. Up to a scalar multiple, t^ is the only real quadratic Sp{2n,M.) -invariant on 
the torsion of linear connections on M. 

If uj{T'^{X,Y),Z) is totally skew- symmetric or T^ is in the space of torsion tensors 
corresponding to A' in Theorem \1.2\ then t^ = 0. 

Proof. The first part is straightforward from Corollary 11.11 The second follows from part 
v) of Theorem 11.31 For the third statement notice A' can only be in the kernel of the trace 
map T H-> Tpqiu'^K Then recall the definition of t^. ■ 

Proposition 2.2. If M is a symplectic manifold, then t^ = for any almost symplectic 
connection V. 

Proof. By Theorem 12.11 we may assume the existence of a symplectic connection. The dif- 
ference between this and any given almost symplectic V is a tensor A such that uj{AxY, Z) 
is symmetric in Y, Z. Since T^(X, Y) = AxY — AyX, we find 

t^ = iAjk - Aj,k)iAp,i - A,pi)u'^u''Pu'^' = 

by part i of Theorem 11.31 ■ 

Remark. Given an almost symplectic V and a direction A G Q^{5p(TM,u)), we have 
a ray of almost symplectic connections V* = V -|- sA, s eM., and then we easily deduce its 
variation: 

— t^' = {2A,,,Tpgi - AqpiT.jky^cu'^Pcu'iK (2.7) 

us |s=0 

This corresponds to dt^{A), the derivative of the quadratic invariant at the point V in the 
space of connections. We lack a characterization of the critical points of t^ , i.e. we do not 
know what the vanishing of (12.71) for all A tells us about V. 

We may also consider gauge transformations: we choose any g G Q^{Sp{TM,uj)) and 
produce V^F = 9 ° Vx o g~^ Y = Vx^ — (Vxfi')fl'~^F- The direction A = —(Vg)g~^ is not 
stable under the quadratic invariant, nor is its derivative. 

Now let (j) : M — > M be a symplectomorphism on the manifold M endowed with a linear 
connection. We shall restrict our attention to the case of an almost symplectic connection V, 
although this is not essential. Furthermore, what follows may be said in the wider context 
of symplectomorphisms between two almost complex manifolds with chosen u and V. The 
reader can easily adapt what follows to the latter framework. 
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Recall that any diffeomorphism acts on vector and tensor fields. It also acts on con- 
nections, 

{(f) ■ V)xY = <P ■ (V^-i.xr ' ■ y) (2.8) 

VX, Y G jCa/. The functoriality of this action is well known: T*^'^ = ■ T^, and analogously 
with the curvature tensor. 

Proposition 2.3. The group Symp(M, w) acting on the space of almost symplectic connec- 
tions transforms the invariant t^ by 

t<t>-^ = t"^ o (f)~\ (2.9) 

Moreover, if M is connected, j]<^jt^^ is an invariant of the orbit ofV. 

Proof. Since (j)*uj = u, we also have ■ V cj = 0. Now, as {(f)"^ ■ ei)^ = d0~"^(ej), Vx G M, 
where y = 0(x) and Ci is any basis, we have 

UJy{T'^'^ {Ci, Cj), Cfc) = CUx(T'^(0"^ ■ Ci, 0"^ ■ Cj), 0"^ ■ Cfc). 

We used the invariance of u and u"^ under 0. Hence we get the stated formula and 

M nl Jm nr Jm n! 

since preserves orientation. ■ 

2.3 Almost symplectic connections with vectorial torsion 

As we saw earlier, almost symplectic connections of vectorial torsion can be of two types. 
We now give some results on the quadratic invariant for these. 

In [15] we find the notion of "conformal class of an almost symplectic manifold (M, u) 
with a fixed almost symplectic connection V" : 

C = {(eVV^): feCTM)} (2.10) 

where 

V^F = VxY + X{f)Y + Y{f)X + uj{X, F)grad / (2.11) 

and grad/ is the symplectic gradient: ci;(grad/, X) = X{f). 

Since (V-^)^ = V-^"^^ we deduce the transitivity of the conformal factor; the class arises 
from an equivalence relation. 

It is proved in [I5] that V^ie'^^co) = and T^^ = T^ + 2a; grad/. We add the following 
remark. 
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Proposition 2.4. Writing V-^ = V + A-^, we have a M-linear map A : C^ —^-fi-^ (End TM) 
such that A^^f"^ = fiA^'^ + f2A^^. Two connections V, V-^ share the same unparametrized 
geodesies on the level sets of f . 

Now we shall consider the case when u is closed, and hence we may assume that V is 
torsion-free. We then fix a function / and introduce another vector field U G Xm- We shall 
study the more general case of V'^'-^ given by 

uj{V^^Y, Z) = uj{V{Y, Z) + ^ {uj{X, Y)u{U, Z) + u{U, Y)u{X, Z)). (2.12) 

Notice the symmetry in y, Z on the rhs, implying that V*^'-^ is still an almost symplectic 
connection for u' = e^^u. 

Proposition 2.5. Let V he a torsion-free, symplectic connection on M,u} and let U G Xm 
be any vector field. Then the torsion ofW^'^ is given by 

T^"''\X,Y) = cu{X,Y){2gmd{f) + U) + ^u{U,Y)X - ^co{U,X)Y (2.13) 

and hence t"^"'^ = 2e-^^{2n^ -n- l)U{f). 

Proof. The first formula is trivial. For the second, consider the following tensor 

T{X, Y) = uj{X, Y)A + uj{X, W)Y - u{Y, W)X (2.14) 

with y4, W fixed. Then a long but simple computation yields 

TijuTpqiu'^u^^uj''^ = 2{2n^ -n- l)u{A, W). 

The result now follows introducing A = U + 2grad/, W = ^U, which is the case for the 
torsion of V^''^, finding 

t^"'^ = 2e-2/(2n2 -n- l)u{A, W) = 2e-^f i2n^ -n- l)U{f). 

The conformal factor is indeed e*-^"^-*^-^. ■ 

The torsion in (I2.13P is of vectorial type of the most general kind, as we deduce from 
(II. 8p in section 11.31 Notice W = —A corresponds with the totally skew symmetric case, cf. 

(EH. 
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